These notions have played essential roles in a theory developed toy Robinson [4, 5 ] . He has shown, in particular, that the norm This equality is expressed in terms of the norm and order structure of the ordered Banach space L{B) and, therefore, better understanding of this equality requires further investigations on the order structure of
L(B) .
To carry out this investigation, we shall use the notion of the halfnorm which has been introduced by Arendt I t has been proved in [9] that N(f) = sup{/(a) : a € P} for all f t B* .
We shall frequently use a simple fact that the norm of B is monotone if and only if ||a|| = N(a) for every a (. B . Since B is assumed to be quasi-generating, L{B) is a proper and closed cone in £(B) . Hence the canonical half-norm
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is defined for all u € L{B) , and, as we have shown in [9] , i t has another expression N(u) = sup{F(w) : F € P*} .
We define the second half-norm // on L(B) by
Then, since for a l l a € P and v € L{B) , we have
N{u(a)) s N(u(a)+v(a)) s ||M+U||
Relations among these quantities will be studied in the next section. Here we shall give some general remarks on the order structure of L{B) .
First, we note that L{B) is not necessarily generating even when B is a Banach l a t t i c e . It is generating if and only if every element of L{B) is "regular" in the sense of Kantorovitch [3] .
Secondly, we can consider N(u*) for the dual u* of u (. L(B) only when B£ is quasi-generating. When B* is quasi-generating, N(u*) < N(u) is the "best we can have unless B is reflexive. However, the second half-norm presents no such difficulties.
Proof. The definition of iV(u*) , N(u*} = sup{tf(w*(;f)) : / € P*} , i s always meaningful and
a (. P} = ~N(u) .
We r e c a l l t h a t the norm of L(B) i s monotone i f and only i f ||u|| = tf(u) for every u 6 L(B) + .
( 1 . 2 ) . If the norm of L{B) is monotone, the norms of B and B* are both monotone.
Proof. For a € B and f i B* , we define an element a ® f of i ( S ) by
Then ||a ® / | | = ||a||||/|| . Now suppose 0 < a < b and f (. P* . Then 0 < f l ® f 2 i ® f and, hence, \\a\\Wf\\ = ||a®/|| < P OfII = i|i||||/|| • Therefore the norm of B is monotone. Similarly, it can be proved that the norm of B* is monotone.
The converse of (1.2) is not true. In contrast to this situation, the There is another characterization of Fiesz norms which uses the notion of orthogonal generation. We say that B is orthogonally generating (see [6] ) if every element a of B has a decomposition a = a + -a such that a + > 0 and ||a|| = ||a + +a || . Robinson [4] has observed that, if the norm of S is a Riesz norm, the dual cone B* is orthogonally generating.
This observation turns out to be an essential one as the following result (1) the norm of B is a Riesz norm;
(2) B* and B** are orthogonally generating.
Proof, (l) =* (2). When the norm of B is a Riesz norm, the norm of 5* is also a Riesz norm. Hence (2) follows from Robinson's result cited above.
(2) =» ( l 
The norm and the half-norms
For a € 5 and / € B* , we define an element of L{B)* by (2.1).
Another relation that always holds is the following. This relation implies that P* is contained in the convex u*-closure (S 1 , B*)°° of (B 1 , B*) •
We now compare two half-norms and the norm on L(B) . We r e c a l l that
The following conditions are equivalent:
(2) P = (P*) + ;
(3) P is hereditary;
. Since P c (P*) i s obvious, suppose that ;p*:
w € (P*) . Then u > 0 and tf(w) 5 1 and, hence, ||M|| 5 1 . Therefore 
Proof. The equality (l) is equivalent to (P, P*) + = (P*) + .
Then P* c (P*) + + = (P, P * ) + + . Conversely, if condition (2) holds and #(w) < 1 for some u € I(B) + , then and h e n c e , N(u) 51 1 . Therefore we have t h e e q u a l i t y ( l ) .
Combining ( 2 . 3 ) and ( 2 . U ) , we have t h e f o l l o w i n g .
(2.5). The following conditions are equivalent:
(1) N{u) = ||w|| for all u £ L{B) + (2) P = (P, P*) + .
In relation to condition (2) in (2.U), we note that the equality P* = (P, P*)
does not hold even when B is a Banach l a t t i c e . In fact, if the equality holds, P* is hereditary and, hence, the norm of I(B)* is monotone. This then implies that L(B) is generating.
The Robinson property
We define the Robinson norm \\u\\ for u € L{B) by
This norm has been introduced by Robinson [4] and has been shown to play an essential role in the theory of positive semigroups on ordered Banach spaces. We shall say that (the norm of) B has the Robinson property if
Robinson [4] has noted that every Banach l a t t i c e , the self-adjoint part of every C*-algebra and the predual of every f/*-algebra have the Robinson property. In fact, he has shown that the norm has the Robinson property if i t is a Riesz norm.
the following statement is obvious. Note that the equality P = (p, B*) does not imply the mcnotonicity of the norm of L(B) , which is equivalent to that P is hereditary, (1) the Robinson norm is monotone;
(2) the norm of B is monotone;
Proof.
(1) =» ( 2 ) . We f i r s t note t h a t Robinson [5] has proved that the norm of B has the Robinson property if it is an order norm and the dual norm is monotone. The converse is in fact true and it follows immediately from (3-3) (l).
(3.5). Let the norm of B be an order norm. Then it has the

Robinson property if and only if the dual norm is monotone.
We shall have a more general version of this result in §7.
The Robinson property in the duals
Throughout this section, we assume that B is quasi-generating and The space B is imbedded in B** and, hence, P is imbedded in P** .
We denote the image of P in P** by this imbedding by the same P .
Then we have the following relation.
(4.1). (P*, P ) + = (P*, P**) + .
Proof. It is obvious that (P*, P ) + => (P*, P**)
To prove the converse, suppose that V € {P*, P) . Then, for f € P* , we have
It has been proved in [9] that P°° = P** when the second (
1) ~N(u) = ||u|| for every w € L(B) + (2) N(V) = ||F|| / o r every positive and w*-w*-continuous element V of L(B*) .
Proof, ( l ) =* ( 2 ) . Let V be a p o s i t i v e and w*-u*-continuous element of L{B*) . Then V*. € L(B)
. Hence, by t h e assumption, »(*%) = 11^*11 • Now suppose t h a t V € (P*, P**) 
(4.3). if H(V) = \\V\\ for every V € L(B*) + , then ~N(u) = \\u\\ for every u £ L{B)
The following i s another immediate corollary. In view of ( 3 . 3 ) , t h e assumption that the norms of B and B* are monotone i s not r e s t r i c t i v e . ( Robinson* property.
1) The norm of B has the Robinson property if and only it has the
(2) If the dual norm has the Robinson property, then the norm of B has the Robinson
property.
The ^-decompositions
As a preparation for obtaining another sufficient condition for the Robinson property, we shall introduce the notion of tf-decomposability and
give some of i t s basic properties.
When B is a Banach l a t t i c e or the self-adjoint part of a C*-algebra, we always have (1) B* is N-decomposable;
(2) for every a £ B and f € B* ,
(2) =* (1). Let f € B* and set
q(a) = !l(f)N(a) and r(a) = f(a) + N(-f)N(a) .
Then we have 0 2 q(a) + r(-a) for a l l a € B .
Therefore, by the double Hahn-Banach theorem [ 9 ] , there exists g € B*
such t h a t g(a) S q{a) and g(a) 5 r(a) f o r every a d B . Then f + =9
and / = g -f supply an iV-decomposition o f f .
As t h e f o l l o w i n g r e s u l t shows, B* i s iV-decomposable i f B i ŝ -decomposable.
(5.2). The following conditions are equivalent:
(1) B is N-decomposable;
(ii) aP -3P is closed for every a > 0 and 3 > 0 .
Proof. (l) =» (2). Let (a , a ) be an ^-decomposition of a i B .
Then, for f € B* ,
T h e r e f o r e , by ( 5 -1 ) , 5 * i s ^-decomposable. Next, t o prove ( 2 ) (ii), suppose t h a t a = ob -&c , b € P , e € P and a ->• a . Let 
which is a contradiction. Hence < z € N(a)P -N(-a)P for every a € B and therefore S is tf-decomposable.
Condition (2) (ii,) is satisfied by a l l Banach lattices and also the self-adjoint parts of C*-algebras because they are ^-decomposable.
Furthermore, a l l the duals satisfy this condition because of u*-compactness of P* . Therefore and N(a) = \\a + \\ . We have proved in [9] that B* is ^-decomposable if and only i f the norm of B is monotone.
(5.4). The following conditions are equivalent:
(1) B is N^-decomposable;
(1) =» (2). I t has been proved in [9] that the norm of B* is This, in particular, implies that the norm of B* is monotone if the norm of B is monotone.
Spaces of type (N, p)
We set Furthermore, we set
The following relations are obvious. As a corollary, we have the following relations. shows that B is N -decomposable and, hence, P -B + is closed.
The Robinson property and spaces of type (N, p)
The connection between the Robinson property and the spaces of type (N, p) is based on the following fact, which is a generalized version of (3.5). I t follows from the remark at the end of the previous section that the space whose norm is an order unit norm has the Robinson property. 
